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As natural generalizations of complemented subspaces, we introduce pseudo- 
complemented and strongly pseudo-complemented subspaces of Banach 
spaces, and we study for such subspaces some of the problems analogous to 
the classical problems on complemented and quasi-complemented subspaces. 
l+ We say that a (closed linear) subspace G of a Banach space E 
is pseudo-complemented in E if either codim G < co or there exists 
an infinite dimensional subspace F of E such that G n F = (0) and 
G + F is closed in E; any subspace F, respectively, in the second case, 
any infinite dimensional F, with these properties, is called a pseudo- 
complement to G in E. Clearly, F is a complement to G in E if and 
only if F is both a quasi-complement (in the usual sense, i.e., 
G n F = (0} and G + F is dense in E) and a pseudo-complement to G. 
However, since in the above definition of pseudo-complements we 
have excluded the trivial case when codim G = co, dim F < cc), in 
certain spaces the relation of being a pseudo-complement is symmetric 
if and only if dim G = dim F = cc (in contrast to the case of com- 
plements and quasi-complements); indeed, if F is not pseudo- 
complemented in E and dim G ( co, G n F = {0}, then F is a 
pseudo-complement to G but G is not a pseudo-complement to F 
and one can also interchange the roles of G and F. 
We say that a subspace G of a Banach space E is strongly pseudo- 
complemented in E if either G is of finite codimension in E or G is 
contained in some complemented subspace G of E, of infinite 
codimension in E. Clearly, every complement F of G is then a pseudo- 
complement of G (since G n F C G n F = (0} and the restriction to 
G + F of the natural projection G + F -+ F is continuous, whence 
G + F is closed in E), so every strongly pseudo-complemented 
subspace is pseudo-complemented. 
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Pseudo-complemented and strongly pseudo-complemented sub- 
spaces occur implicitly in several papers in the literature. For example, 
a theorem of J. Dixmier ([5], Th eorem 10) can be also expressed by 
saying that a subspace V of E” is of positive characteristic 
if and only if V~=(OCE**I@ - 0} is a pseudo-complement IV -~ 
to r(E) (the canonical image of E) in E**; also, R. J. Whitley [21] 
has considered “superprojective” Banach spaces E, i.e., in which 
every subspace is strongly pseudo-complemented. 
The aim of the present paper is to start a study for pseudo- 
complemented and strongly pseudo-complemented subspaces of some 
of the problems analogous to the classical problems on complemented 
and quasi-complemented subspaces. 
2. The first natural problems are to characterize pseudo- 
complements and the question whether there exist at all subspaces 
which are not pseudo-complemented. We shall show in Corol- 
laries 2(b), 4, and Theorems 4-6 below that the answer to this latter 
question is affirmative in some of the usual concrete Banach spaces. 
Let us first recall the following well-known lemma (the necessity 
part occurs, implicitly, e.g., in [I I], p. 235, proof of Theorem 4): 
LEMMA 1. An infinite dimensional subspace F of a Banach space E 
is a pseudo-complement to a subspace G of E if and only ;f o jF is an 
isomorphism (i.e., linear homeomorphism), where w denotes the canonical 
mapping of E onto E/G. 
Proof. If F is a pseudo-complement to G, then by the closed 
graph theorem, the natural projection G + F --+ F is continuous, so 
there exists a constant C > 0 such that /I y /I < C // x + y j/ 
(x E G, y E F), whence 
IIY II G C$Jll X +Y /i = Cli 4Y)ll d CllY II (Y EF), (1) 
and thus w jF is an isomorphism. 
Conversely, if w IF is an isomorphism, then it is one-to-one, whence 
G n F = (0). Furthermore, there is a constant C > 0 such that we 
have (l), so the natural projection G + F + F is continuous, whence 
G + F is closed, which completes the proof. 
We recall that a bounded linear operator u: E, --f E, is called 
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strictly singular if u IF fails to be an isomorphism for all infinite 
dimensional subspaces F of E, . Two infinite dimensional Banach 
spaces E, , E, are said to be totally incomparable [17] (or essentially 
nonisomorphic [6], p. 203) if E, and E, have no isomorphic subspaces 
of infinite dimension. From Lemma I it follows obviously 
COROLLARY 1. (a) A subspace G of a Banach space E, of injnite 
codimension in E, is pseudo-complemented in E if and only if the canonical 
mapping OJ: E -+ E/G is not strictly singular. 
(b) If G is a subspace of a Banach space E, such that E and E/G 
are totally incomparable, then G is not pseudo-complemented in E. 
W’e shall use the symbols g and = to denote isomorphism, 
respectively, linear isometry, of two Banach spaces. 
THEOREM 1. Let either (a) E g C(Q) (Q compact metric) or 
(b) E = m, and let G be a subspace of E, of injinite codimension in E. 
The following statements are equivalent: 
I O. G is pseudo-complemented in E. 
2”. G is strongly pseudo-complemented in E. 
3”. E/G is nonreflexive. 
Proof. By Corollary l(a), we have 1” if and only if w: E --+ E/G 
is not strictly singular. By [16], Th eorem 1, this holds if and only if 
w is not weakly compact, that is, if and only if we have 3”. Thus, 
1” * 3”. 
.Assume now that we have 30, so w is not weakly compact and let 
E s C(Q) (Q compact metric). Then, by [16], Theorem 1, there 
exists a subspace F of E which is isomorphic to c0 and such that w IF 
is an isomorphism of F into E/G. Then, since E/G is separable, by 
a result of Sobczyk [20] there exists a projection v of E/G onto w(F). 
Put 
u = (w IF)-1 VW. (4 
Then u is a projection of E onto F such that u(G) = 0, whence 
G C (I - u)(E) =df G, which is a complemented subspace of E, of 
infinite codimension in E [since u(E) = F E c,,], so G is strongly 
pseudo-complemented in E. On the other hand, if E = m, then since 
E/G is not reflexive, by [ll], Lemma 3(c) there exists a projection u 
in E such that u(G) = 0 and d im u(E) = 00, which, as above, proves 
that G is strongly pseudo-complemented in E. Thus, 3O * 2”. 
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Finally, the implication 2” 3 1” was observed in $1. This completes 
the proof of Theorem 1. 
Remark 1. A different proof of the implication 2” 3 3” is con- 
tained, implicitly, in [21], proof of Theorem 4.3, even without the 
assumption that Q is metric. In the above proof the assumption that 
Q is metric was used only to prove the implication 3” 3 2”. Note 
that if Q is not metric and E/G is nonreflexive and sepurable, then, 
by the argument of the above proof, we still have 2”. In the particular 
case when E = c,, , an equivalent formulation of the implication 
3” 3 2” and the above argument for its proof, have been given by 
Lindenstrauss and Rosenthal {[l I], Lemma l(c)}. In this case we 
have even more, as shown by Corollary 2(a) below: 
COROLLARY 2. (a) If E E C(Q), where Q is a countable compact 
space, then every subspace G of E is strongly pseudo-complemented in E. 
(b) If E g C(Q), where Q is an uncountable compact metric space 
or E = m(S), where S is an injinite set, then E has a subspace G which 
is not pseudo-complemented in E. 
(cl JfE=C(Q)(Q P t corn ac metric) or E = m, then every reflexive 
subspace G of E is strongly pseudo-complemented in E. 
(d) Every separable subspace G of E = m is strongly pseudo- 
complemented in E. 
Proof. (a) If Q is a countable compact space, then by [19], 
Theorem 6, E* := Ii, so E* contains no reflexive infinite dimensional 
subspace and hence E has no infinite dimensional reflexive quotient 
space. Consequently, by the implication 3” =+ 2” of Theorem 1, 
every subspace G of E is strongly pseudo-complemented in E. 
(b) BY [181, C orollary 1.6 and Proposition 1.2 and [21], p. 258, 
both E = C([O, 11) and E = m(S) have a quotient space E/G iso- 
morphic to 12. Then, by the implication lo 3 3” of Theorem I, G is not 
pseudo-complemented in E. Since (by Milutin’s theorem [13]) for 
every uncountable compact metric space Q we have C(Q) g C([O, I]), 
every such C(Q) 1 a so has a subspace G which is not pseudo-com- 
plemented. 
(c) If dim E = co [where E = C(Q) or m] and G is reflexive, then 
E/G is nonreflexive. 
(d) If GCE = m is separable, then E/G is nonreflexive and we 
can apply the implication 30 * 20 of Theorem 1, which completes 
the proof. 
PSEUDO-COMPLEMENTED SUBSPACES OF BANACH SPACES 221 
In contrast to Corollary 2(c), 2(d), it is known (see [15], Corol- 
laries 3, 5, and 6) that such subspaces G are not complemented in 
the spaces E of Corollary 2(c), 2(d). Al so, in contrast to Corollary 2(a), 
it is known ([15], Th eorem 1) that every infinite dimensional com- 
plemented subspace of c0 is isomorphic to c,, . 
In connection with the implication lo 3 2” of Theorem 1, it is 
natural to raise 
Problem 1. Is every pseudo-complemented subspace G of a Banach 
space E strongly pseudo-complemented in E? 
In view of Corollary 2(a), it is natural to raise 
Problem 2. (a) Which are the Banach spaces E such that every 
subspace G of E is pseudo-complemented in E? (b) Same question, 
with G strongly pseudo-complemented in E. 
In the terminology of R. J. Whitley, mentioned in $1, the Banach 
spaces E with the property of Problem 2(b) are called superprojective. 
We mention the following results of R. J. Whitley [21] in this direc- 
tion: The spaces Zp(S) for 1 < p < 03, where S is any set and the 
spaces Lp([O, 11) for 1 < p < 2 are superprojective. 
Our next two theorems give some more classes of pseudo-com- 
plemented and strongly pseudo-complemented subspaces of certain 
Banach spaces. 
THEOREM 2. Let E be a Banach space containing a subspace H 
isomorphic to c0 or 1 p, where 1 < p < 00 and let G be a subspace of E, 
which contains no subspace isomorphic to c0 , respectively, to P. Then G 
is pseudo-complemented in E and E/G contains a subspace isomorphic 
to co > respectively to lp. 
Proof. By our assumption and by [l], p. 194, Theorem 1, G and 
H are totally incomparable. Hence, by [6], Corollary 2 of Theorem 14 
(or by [171), G + H is a closed subspace of E with dim(G n H) -< CO. 
Let H, be a subspace of H such that H = (G n H) 0 H, . Then 
G n H, = (G n H) n H,, = (0) and G + H, is closed in E [because 
G + H = (G + H,,) + (G n H) and dim(G n H) < 001, so H,, is 
a pseudo-complement to G in E. Then, by Lemma 1 H,, is isomorphic 
to a subspace of E/G which, since H g E-r, (because Ho is of finite 
codimension in H g c,, or I”), completes the proof of Theorem 2. 
Remark 2. In the particular case when E = m, H E c0 , the above 
argument is implicitly contained in [l I], proof of Theorem 4. 
COROLLARY 3. Let E be a Banach space containing a subspace 
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isomorphic to cO and let G be a subspace of E, which is either weakly 
complete or isomorphic to a subspace of a separable conjugate Banach 
space B*. Then G is pseudo-complemented in E and E/G contains a 
subspace isomorphic to c,, . 
Proof. G contains no subspace isomorphic to c0 ([2], Theorem 4), 
so Theorem 2 applies. 
In contrast to Corollary 3 for E = C(Q) (Q compact metric), where 
we can even replace “pseudo-complemented” by “strongly pseudo- 
complemented,” it is known (see [15], Corollaries 2 and 3) that such 
E contains no complemented infinite dimensional subspace G which 
is weakly complete or isomorphic to a subspace of a separable conju- 
gate Banach space B*. 
THEOREM 3. The space E = I1 contains an in$nity of mutually 
nonisomorphic subspaces G, (n = 1, 2,...) which are strongly pseudo- 
complemented in E. 
Proof. Let G, = Li([O, 11) and G, = Ker We (n = 1, 2,...), where 
w, is a continuous linear mapping of I1 onto G,-, (w,, exists, by a 
classical theorem of Banach and Mazur). Then, by [8], G, (n = 1,2,...) 
are mutually nonisomorphic subspaces of Il. Furthermore, by [S], 
there exists a projection U, in E such that u,(G,) = 0 and 
dim u,(E) = co, whence, as in the proof of Theorem 1, each G, 
(n = 1, 2,...) is strongly pseudo-complemented in E, which completes 
the proof. 
In contrast to Theorem 3, it is known ([15], Theorem 1) that 
every infinite dimensional complemented subspace of 6 is isomorphic 
to 11. 
In the above we have seen several classes of pseudo-complemented 
and strongly pseudo-complemented subspaces in certain Banach 
spaces. Let us also mention that a well known problem (apparently 
posed by R. J. Whitley), which is unsolved since long time, can be 
formulated in terms of pseudo-complements as follows: 
Problem 3. Does every Banach space E contain a pseudo-com- 
plemented subspace G of infinite dimension and infinite codimension ? 
Note that the same question for strongly pseudo-complemented 
subspaces G is equivalent to the (unsolved) problem whether every 
Banach space E contains a complemented subspace G with 
dim G = codim G = co. 
It is probable that the answer to Problem 3 is affirmative. Moreover, 
it is not known any example of an infinite dimensional Banach space 
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containing no subspace with an unconditional basis; this latter is 
a problem raised by Bessaga and Pelczynski [3]. 
Note also that (in contrast to the situation for complemented 
subspaces), every subspace G, of a (strongly) pseudo-complemented 
subspace G of infinite codimension in E is (strongly) pseudo-com- 
plemented in E. 
3. In view of Problem 2, let us give now some more classes of 
Banach spaces E containing subspaces G which are not pseudo- 
complemented (and hence not strongly pseudo-complemented) in E. 
THEOREM 4. Let E be either (a) a separable Banach space con- 
taining a subspace isomorphic to l1 OY (b) E = I1 @ El (with E, not 
necessarily separable) and assume (in both cases) that E contains no 
subspace isomorphic to cO . Then E contains a subspace G which is not 
pseudo-complemented in E. 
Proof. (a) Let H be a subspace of E isomorphic to Il. Then, by 
a classical theorem of Banach and Mazur, there exists a continuous 
linear mapping ‘L’ of H onto c,, , whence since E is separable, v can 
be extended to a continuous linear mapping u of E onto c0 by a 
theorem of Sobczyk [20]. Let G = Ker U, so E/G is linearly isometric 
to co. Then, since E contains no subspace isomorphic to c,, and 
hence ([l], p. 194, Theorem 1) no subspace isomorphic to any sub- 
space of c,, E E/G, from Corollary l(b) it follows that G is not 
pseudo-complemented in E. 
(b) Since E = I1 @ E, , there exists a continuous linear mapping 
u of E onto c,, and hence, as above, G = Ker u is not pseudo-com- 
plemented in E, which completes the proof. 
Remark 3. The technique used in the above proof of Theorem 4 
(and in the proofs of Theorems 5, 6 below) was suggested by the 
proof of D. W. Dean and W. B. Johnson of the following result 
(communicated to us in a letter): If E, is a separable Banach space 
such that Ef*/n(E1) is isomorphic to c,, , then for every infinite 
dimensional subspace E of E, , and every subspace V of E* of positive 
characteristic, we have dim V’ < GO in E**. By Dixmier’s theorem 
mentioned in $1, this is equivalent to saying that no infinite dimen- 
sional VI C E** is a pseudo-complement to r(E) in E** and thus it 
is slightly weaker than the particular case E,, = c0 of Theorem 6 
below (since E ** has also subspaces which are not w* closed, hence 
not of the form V’). 
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COROLLARY 4. (a) Ecery subspace E of I1 and (b) every A?i space 
(in the sense of [IO]) E and hence, in particular, ez:ery complemented 
subspace E of an L+) p s ace, contains a subspace G which is not pseudo- 
complemented in E. 
Proof. (a) By [I], p. 194, Theorem I, every subspace E of 1’ 
contains a subspace isomorphic to 1 i, but no subspace isomorphic to 
co , and thus Theorem 4(a) applies. 
(b) By [IO], Proposition 7.3, every infinite dimensional Zi space 
has a complemented subspace isomorphic to I1 and, by [12], Theo- 
rem 3.2, every complemented subspace of an L’(,u) space is an Tr 
space. Hence, since an Ti space contains no subspace isomorphic to 
c,, , E satisfies the conditions of Theorem 4(b) above, which completes 
the proof. 
COROLLARY 5. The space I1 contains a subspace G such that no 
subspace C? of injnite codimension in II, containing G, is linearly isometric 
to I’. 
Proof. Let G be as in Theorem 4 and let G 3 G, codim G = co. 
If G is linearly isometric to I’, then by [15], Theorem 2, G is com- 
plemented in El and hence any complement F to G is a pseudo- 
complement to G, contradicting the choice of G. 
THEOREM 5. Let E = Lp([O, 11) @ E, , where 2 < p < cc and 
assume that E contains no subspace isomorphic to l’, where 2 < Y < p. 
Then E contains a subspace G which is not pseudo-complemented in E. 
Proof. By a result of Kadec [7], for each Y with 2 < Y <p, 
U([O, 11) has a quotient space isomorphic to I’, and hence E contains 
a subspace G such that E/G z I’. On the other hand, by our assump- 
tion and by [l], p. 194, Theorem 1, E and I’ are totally imcomparable. 
Hence, by Corollary I (b), G is not pseudo-complemented in E, which 
completes the proof. Note that if E, =: (03, i.e., E =-= Ll’([O, l]), then E 
contains no subspace isomorphic to l’, where 2 < Y < p (by a theorem 
of Paley [14]), so the hypothesis of Theorem 5 is satisfied. 
Remark 4. Since Problem 1 is unsolved, Theorems 4 and 5 may 
be regarded as sharpenings of [21], Corollaries 4.4 and 4.8, respec- 
tively, according to which the spaces Ll([O, I]), Z](S) (S an infinite set) 
and Lp([O, 11) for 2 < p < CO, are not superprojective. 
It is natural to ask whether for a Banach space E the canonical 
image r(E) of E in the second conjugate space E** is pseudo- 
complemented in E* *. [Obviously, if E is quasi-reflexive, i.e., 
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dim E**/r(E) < co, the answer is affirmative.] By Dixmier’s result 
mentioned in $1 (which involves only w* closed pseudo-complements), 
this is slightly less than the property that E* contains a subspace I’ 
of infinite codimension with positive characteristic and it is well 
known that the usual non-quasi-reflexive concrete Banach spaces E 
have this latter property. However, there exist Banach spaces E for 
which the answer to the above question is negative, as shown by the 
following theorem (see Remark 3 above): 
THEOREM 6. Let E, be a separable infinite dimensional Banach 
space such that every infinite dimensional subspace G of E, contains 
a subspace isomorphic to cO and let E, be a separable Banach space such 
that Et*/n(E,) E E, ( sue a s h p ace E, exists by [9], Corollary 1). T1ren 
for every injkite dimensional subspace E of E, , n(E) is not pseudo- 
complemented in E**. 
Proof. We shall prove that E** and E**/z(E) are totally incom- 
parable, so we can apply Corollary l(b). Let F, G be arbitrary infinite 
dimensional subspaces of E** and E**/rr(E), respectively. Then, 
since G C E**/z(E) and E**/r(E) is canonically isomorphic to a 
subspace of E:*/n(E,) z Et, (by [4], Theorem 4.1), G contains, by 
our assumption, a subspace isomorphic to c0 . On the other hand, 
since Er* is separable [because r(E,) and E, are separable and 
ET*/n(EJ E E,], E** = El1 C ET * is also separable and hence, by 
[2], Theorem 4, F(C E**) contains no subspace isomorphic to c,, . 
Consequently, F is not isomorphic to G, which completes the proof. 
4. Finally, let us prove 
THEOREM 7. The space G = c,, is pseudo-complemented in every 
superspace E. 
Proof. If E is separable, then, by a theorem of Sobczyk [20], 
G is complemented in E. If E is nonseparable, then obviously, there 
exists a separable subspace G, of E containing G and such that G is 
of infinite codimension in G, . Then, by the above, G is complemented 
in G, and hence pseudo-complemented in E, which completes the 
proof. 
Problem 4. (a) Which B anach spaces G are pseudo-complemented 
in every superspace E? (b) S ame question with G strongly pseudo- 
complemented in E. 
Naturally, the Banach spaces G which are complemented in every 
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superspace E (the PA spaces) are also strongly pseudo-complemented 
in every superspace E. We don’t know whether G = c,, is strongly 
pseudo-complemented in every superspace and whether there are 
other spaces G than those isomorphic to cO and the 8, spaces, which 
are pseudo-complemented in every superspace E. 
REFERENCES 
1. S. BANACH, Thkorie des op&ations IinCaires, V\‘arszaw-a, 1932. 
2. C. BESSAGA AND A. PELCZYNSKI, On bases and unconditional convergence of 
series in Banach spaces, Studia Muth. 17 (1958), 151-164. 
3. C. BESSACA AND A. PELCZYNSKI, A generalization of results of R. C. James con- 
cerning absolute bases in Banach spaces, Studio Math. 17 (1958), 165-l 74, 
4. P. CIVIN AND B. YOOD, Quasi-reflexive spaces, Proc. Amer. Math. Sac. 8 (1957), 
906-9 1 I, 
5. J. DIX?vllER, Sur un thkorkme de Banach, Duke Math. J. 15 (1948). 1057-1071. 
6. V. I. GURARI~, On openings and inclinations of subspaces of a Banach space, 
Teoria Funkc., Funkc. Anal. i Pril. (Kharkov) 1 (1965), 194-21 I [Russian]. 
7. M. I. KADEC, On linear dimension of the space L,, and !,, , Uspehi iWzt. Nauk 13 
(I 958), 95-98 [Russian]. 
S. J. LINDENSTRAUSS, A remark on LF1 spaces, Israel J. Math. 8 (1970), 80-82. 
9. J. LINDEN~TRAUSS, On James’s paper “Separable conjugate spaces,” 1wuel J. 
Math. 9 (1971), 279-284. 
IO. J. LINDENSTRAUSS AND A. PELCZYNSKI, Absolutely summing operators in g, 
spaces and their applications, Studia Math. 29 (1968), 275-326. 
11. J. LINDENSTRAUSS AND H. P. ROSENTHAL, Automorphisms in c,, , E, and m, Isrtrel 
J. Math. 7 (1969), 227-239. 
I I?. J. LINDENSTRAUSS AND H. P. ROSENTHAL, The =$, spaces, Iwcrel J. Math. 7 (1969), 
325-349. 
13. A. A. MILUTIN, Isomorphism of spaces of continuous functions on compacta of 
power continuum, Teoria Funkc., Funkc. Anal. i Pril. (Khavkoo) 2 (I 966), 150- 
I56 [Russian]. 
14. R. E. A. C. PALEY, Some theorems on abstract spaces, Bull. Amer. Math. Sot. 42 
(1936), 181-186. 
15. A. PELCZYNSKI, Projections in certain Banach spaces, Studia Math. 19 (1960), 
209-228. 
16. A. PELCZYNSKI, On strictly singular and strictly cosingular operators. I, BUN. 
Acad. Polon. Sci. 13 (1965), 31-36. 
17. H. P. ROSENTHAL, On totally incomparable Banach spaces, 1. Funct. Anal. 4 
(1969), 167-175. 
18. H. P. ROSENTHAL, On quasi-complemented subspaces of Banach spaces, 1. Funct. 
Anal. 4 (1969), 176-214. 
19. W. RUDIN, Continuous functions on compact spaces without perfect subsets, 
Proc. Amer. Math. SIX. 8 (1957), 39-42. 
20. A. SORCZYK, Projections of the space (m) on its subspace (co), Bull. Amer. Math. 
Sot. 47 (1941), 938-947. 
?I. R. J. WHITLEY, Strictly singular operators and their conjugates, Trans. Amer. 
Math. Sot. 113 (1964), 252-261. 
